We propose estimating DSGE models in which the central bank fixes the policy rate for an extended period of time and apply our approach to estimate expected durations of the Federal Reserve's zero interest rate policy since 2009. We find a large increase in expected duration in 2011 with the move to calendarbased guidance and a decrease in 2013 with the 'Taper tantrum'. These changes are identified by the influence of expected duration on output, inflation and interest rates at longer maturities. The structural model measures the severity of the zero lower bound constraint and the effects of unconventional policy.
Introduction 1
To combat the recent financial crisis and the resulting economic downturn, the Federal Reserve and 2 many other central banks pushed their policy interest rates close to the zero lower bound and turned, 3 among other unconventional policies, to forward guidance. Forward guidance refers to announcements 4 about the future path of the policy rate. This communications policy has received considerable attention 5 in the press and the academic literature. In particular, while some central banks had previously commu-6 nicated about the direction or timing of future policy rates for the purpose of transparency, the recent 7 announcements have been interpreted as explicit attempts to influence expectations so as to increase the 8 current degree of monetary policy accommodation (see Woodford (2012) ).
9
There is a good argument in theory as to why such forward guidance can lessen the contractionary 10 impact of the zero lower bound. In forward-looking models the current stance of monetary policy 11 depends on the expected path of the nominal interest rate and therefore forward guidance can, in linear combination of regimes, following Cagliarini and Kulish (2013) , produces a highly non-linear 48 approximate solution. Guerrieri and Iacoviello (2015) and Jones (2015) show that the piecewise linear 49 solution provides a good approximation to the full non-linear solution. A careful comparison between 50 our approach and the occasionally binding constraint method follows in Section 2.
51
In our analysis, the data speak through the lens of a model in which the central bank's forward 52 guidance is explicitly calendar-based. During a fixed-rate regime, agents form expectations based on the 53 assumption that the central bank will unconditionally keep the policy rate at zero for a certain number 54 of quarters in the future, after which it will revert back to its temporarily abandoned Taylor rule.
55
However, in the case of a more threshold-based forward guidance, such as was pursued by the FOMC 56 since December 2012, our approach still provides a measure of what such state-contingent guidance 57 implies about the expected duration of a fixed-rate regime.
58
In addition to incorporating information from the yield curve, we achieve identification of the sequence 59 of expected durations of the zero interest rate policy because variation in expected duration gives rise 60 to distinct dynamics of the aggregate variables, because the subsample prior to the zero lower bound 61 helps identify competing sources of exogenous variation and because there are no unanticipated shocks 62 to the policy rate in the fixed-rate regime. It is well known that in models with rational expectations, 63 forward guidance is powerful in the sense that it can generate very large responses of aggregate variables, a 64 1 Estimation of a fully non-linear model is numerically much more complex, as acknowledged by Gust et al. (Forthcoming) who set the measurement error variance to 25 per cent of the variance of observed variables to stabilize the particle filter used for such estimation.
2 Although one could, in principle, consider time-variation of the transition probabilities due to exogenous or predetermined variables, this would seem to be even more difficult to identify given the rarity of regime switches and in light of the acknowledgment made by Baele et al. (2015) that estimation of a stylized New Keynesian model with Markov switching is a numerically difficult and complex task.
puzzle'. For the purposes of econometric identification, however, this sensitivity of aggregate variables to 66 forward guidance turns out to be useful in pinning down the sequence of expected durations in estimation.
67
At the same time, it is worthwhile noting that an absence of 'unreasonably large' fluctuations in the data 68 does not necessarily imply short expected durations. This is because, as discussed below in the context 69 of the Smets-Wouters model, the effect of a longer expected duration can be offset by other factors such 70 as negative risk premium shocks.
71
The rest of the paper is structured as follows. Section 2 discusses the model and methods used to 72 solve and estimate it. Section 3 describes the data and our priors. Section 4 reports the main estimation 
Model and Methods

76
We consider the Smets and Wouters (2007) model in order to illustrate our proposed approach to 77 estimating DSGE models with zero interest rate policy in a well-understood environment. However, to 78 help address the econometric implications of the loss of variation in the policy rate at the zero lower 
Incorporation of the Yield Curve
85
Although the original Smets and Wouters (2007) model only explicitly includes one period bonds,
86
we incorporate information from the yield curve to aid with identification at the zero lower bound. In 87 particular, under the expectations hypothesis, yields on long bonds will reflect agents' beliefs about the 88 future path of the policy rate:
wherer j,t denotes the log deviation of the yield on a j-period bond from steady-state. Consequently,
90
longer yields may be incorporated by augmenting the model with equation (1) for various maturities.
91
It is well-known that the strict version of the expectations hypothesis in equation (1) yields,r j,t , to their observed counterparts, r j,t , as follows:
where r is the steady state of the one-period nominal interest rate and there are two components to the 96 term premia: first, c j is a maturity-specific time-invariant component, and consequently r + c j is the 97 steady state of a yield with j periods to maturity. Second, there is a time-varying component; this is 98 composed of a persistent shock, η t , that follows a first-order autoregressive process and is common to 99 all observed maturities, and an idiosyncratic, i.i.d. maturity-specific shock, ε j,t .
100
Our specification with term premia parameters and shocks provides a convenient approach to incor-101 porating information from the yield curve in the estimation of the Smets and Wouters (2007) model. In 102 particular, a more structural approach that priced all bonds using an arbitrage-free stochastic discounting relationship would likely have deleterious effects on the macroeconomic fit of the model, without neces-
104
sarily generating sufficient variation in term premia to address the empirical failure of the expectations 105 hypothesis (see Rudebusch and Swanson (2008) ). 
Solution Method
For illustration, consider a sample of T time series observations that includes an extended period 110 in which the policy rate is fixed at the zero lower bound. For notational convenience in presenting the 111 solution, the date at which the policy rate hits the zero lower bound is normalized to be t = 1. Figure   112 1 presents a zero interest rate policy that lasts for d periods, with conventional policy resuming out of 113 sample, although it could resume in sample instead.
114
In the form of Binder and Pesaran (1995) , the system of linearized equations for the Smets and 115 Wouters (2007) model can be written as 
When the zero lower bound hits at t = 1, the central bank sets its policy rate to zero,r t = −r, and
121
communicates a plan to revert back to the conventional policy rule at a later date, t = d e + 1. Assuming 122 the central bank communications are credible, the expected duration of the fixed-rate regime in period 123 t = 1 will be given by d e . During this fixed-rate regime, the structural equations are given by 
which implies that
Using equations (8) and (6), it is possible to establish via undetermined coefficients that
Starting from the solution to the terminal regime, C d+1 = C and Q d+1 = Q, equation (10) by past and present shocks, it could not be treated, as we do, as a free parameter in estimation.
158
The restriction imposed by the constraint on the sequence of expected durations, however, may or 159 may not hold in the data. Our approach is free to choose the sequence which best fits the data, and so
160
it could, in principle, be used to assess the extent to which that restriction holds. A possible drawback,
161
however, is that a particular estimated expected duration may turn out to be shorter than what the 162 constraint would have implied.
3 But the main advantage of our approach is that it allows, but does not 163 require, the expected duration of the zero interest rate policy to co-exist with a non-binding constraint.
164
In particular, by allowing for the possibility of a non-binding constraint in estimation, our approach 165 accommodates the optimal policy prescription and aim of forward guidance of prolonging the duration 166 of the zero interest rate policy beyond the constraint ceasing to bind -i.e., the policy rate is to be held 167 "lower for longer". 
Estimation
169
We use Bayesian methods for estimation of the model, as is common in the DSGE literature (see An   170 and Schorfheide (2007) Before the zero lower bound, the model variables, y t , follow the reduced-form solution from equation
181
(5) and are related to the observed variables, z t , via the measurement equation
Then, for the fixed-rate regime, there is a new vector of observables,z t ≡ W z t , where W is an (n z −1)×n z 183 matrix that selects a subset of the observed variables in z t . Specifically, the federal funds rate is removed
The Markov switching formulations of Bianchi and Melosi (2017) , Binning and Maih (2016) and Chen (2014) that consider exogenous transition probabilities can also imply expected durations which are less than what the zero lower bound constraint would have implied.
4 Alternatively, one could allow for measurement error in the observation equation of the federal funds rate. However, there is little variation of the federal funds rate throughout the zero lower bound period and we do not consider this variation to be a form of measurement error.
from the set of observables. DefiningH ≡ W H andv t ≡ W v t , the model variables follow the reduced-form solution from equation (7), where the sequence of reduced-form matrices,
, is a 186 function of the sequence of expected durations d, and are related to the subset of the observables during 187 the zero lower bound period by 188z t =Hy t +v t .
Although the formulation allows for measurement error, we set its variance to zero in estimation.
189
Together, equations (5), (7), (12) and (13) does not require repeatedly re-estimating the Hessian of the conditional posterior.
216
In summary, a multi-block algorithm with random blocking within each block is used to construct 217 draws from the joint posterior, p(θ, d|Z). The data series used in estimation follow Smets and Wouters (2007) : consumption, investment and 221 output per capita growth, average hours worked, the federal funds rate, real wages and inflation. To 5 To initialize the sampler and propose draws, we use an estimate of the mode and curvature of the posterior for the structural parameters. As the durations are integers, the mode and negative inverse Hessian for the posterior of the structural parameters are estimated on the subsample up to 2008Q4. However, results are robust to initializing the sampler using random starting values.
6 Our code is available at https://sites.google.com/site/marianokulish/home/research.
Priors
226
The joint prior for the model parameters is split into two independent priors, one for the structural 227 parameters, p(θ), and one for the sequence of expected durations, p(d). These are each discussed in 228 turn.
229
The prior for the structural parameters, p(θ), is factorized into independent priors for each structural 230 parameter, which are set following Smets and Wouters (2007) (2016) and Swanson and Williams (2014) .
239
The Primary Dealers survey provides a direct measure of expected duration, but is only available 240 from 2011 onwards, and consequently we use the Blue Chip survey for the earlier period.
241
To construct a probability distribution from the Primary Dealers survey we use the average response than 40 respondents, we use the cross-sectional variation as a proxy for the distribution of probabilities.
251
As the survey also allows for an open-ended response, the same rule is applied as with the Primary
252
Dealers survey to allocate the remaining probability.
The resulting density which summarizes the information on the sequence of expected durations from 254 the surveys is shown in Figure 2 . As in Swanson and Williams (2014) , there is a noticeable increase in 
258
The prior for the sequence of expected durations, p(d), is then constructed as an equally-weighted 259 mixture of the distribution implied by the survey data and a uniform distribution over possible durations,
260
where the maximum expected duration is set to 23 quarters as there is no probability in the survey 261 measures beyond that duration. Results where the prior is either entirely based on the survey data or 262 not at all are available in the on-line appendix. However, we deliberately consider a mixture distribution
263
for the prior to allow mass on all durations in all periods so as to better assess the extent to which 264 aggregate data and the model influence our inferences regarding the expected durations. In preliminary attempts to estimate the model including data from the zero lower bound period, we found that the original priors of Smets and Wouters (2007) led to implausibly low estimates of trend growth. This generated a discrepancy between the steady state of the model and the sample mean growth rates, which in turn led to very persistent shock processes. Because the proposal density is symmetric, these highly persistent processes led to very low acceptance rates in posterior simulation as explosive draws were proposed frequently. By slightly tightening the prior for trend growth, we obtained estimates of trend growth that are in line with sample means.
8 As reported in the table, our prior for trend growth is a normal distribution with a mean of 0.44 and standard deviation of 0.22. As a comparison, Justiniano et al. (2010) use a similar model and set the prior mean to 0.5 and the standard deviation to 0.03. Thus, our prior is still comparatively loose and well within the ranges used in the literature. 9 We use the survey conducted in the last month of each quarter and delete any respondent who does not forecast the entire horizon. Further details are presented in the on-line appendix.
Our econometric approach jointly estimates the structural parameters and the sequence of expected 267 durations of the zero interest rate policy. In order to assess the convergence properties of the sampler 268 we produced two additional chains and applied the Brooks, Gelman and Rubin diagnostics (Brooks and 269 Gelman (1998) and Gelman and Rubin (1992)), which found no evidence of non-convergence. The mean of the posteriors for the structural parameters are presented in Table 1 
279
Turning to the shock processes, the most notable differences are that the estimated persistence of 280 the risk-premium shock has substantially increased (ρ b is 0.95, whereas Smets and Wouters (2007) 
Expected Durations
284
The mean prior and posterior of the expected durations are summarized in Figure 3 .
12 There is 285 considerable variation in the posterior mean over the zero lower bound period; initially it is reasonably 286 short -around one year -whereas by 2012 it reaches as long as 3 years. of the expected durations throughout 2011. As reported in Figure 3 , the posterior mean of the expected 296 duration increases by more than the prior mean in 2011Q3. This appears to be due to a shift in the bulk 297 of posterior mass from being less than two years to being more than two years. In the first two quarters,
298
the posterior is consistent with the underlying survey data, with the data placing little or no weight on 299 longer durations. In the last two quarters, however, the posterior places more mass between 2-4 years,
300
suggesting that the macroeconomic data and model support longer durations than the survey data. 
305
Other authors have used different models and data to estimate expected durations. For example,
306
Swanson and Williams (2014) construct estimates of the probability of the federal funds rate being 307 less than 50 basis points in five quarters time from options data, and from August 2011 onwards these 308 fluctuate around 85 per cent. Before this the probability is substantially lower, although throughout 309 10 Chains have 2 million draws, with the first half discarded as a burn-in. Shorter chains of 1 million draws also pass these diagnostics. See the on-line appendix for the corrected scale reduction factors.
11 See the online appendix for estimates of the structural parameters on the sub-sample pre-ZLB and for variance decompositions for long-term rates 12 See the online appendix for additional results summarizing the posterior and prior distributions of the expected durations.
much of 2010 it is around 60 and begins to increase from the June quarter of 2011. Krippner (2014) (2016) and Krippner (2015) , can be used to produce estimates of the 324 expected duration, these are not structural models that link monetary policy to the aggregate economy.
325
As such, they cannot be used to answer the type of questions posed in this section. 
Has the ZLB represented a constraint?
327
We construct two measures of the shadow rate, neither of which feed back into the rest of the model.
328
The first measure, r u t , is defined by
which is the interest rate that would have prevailed if the central bank followed its rule absent the zero 330 lower bound. We refer to r u t as the unconditional shadow rate as it does not depend on the ZLB in any 
which we refer to as the conditional shadow rate, as it depends on the ZLB for determining the previous 333 rate, but not the current one.
334
The two definitions differ in terms of the lagged interest rate that enters the rule. Notice that 335 the estimate of the flexible-price level of output is the same for both measures. It is the latter, r estimated to be quantitatively small. For example, for 2012Q1, the probability that r c t > 0 is 18.9 per cent, but the average value of r
The differences in the growth rates for many of the variables are often small, but nonetheless imply 376 significant and persistent differences in the evolution of the levels, which are plotted in Figure 6 . With the 377 exception of the interest rates, the levels are normalized to 100 in 2008Q4. Our estimates suggest that,
378
as one would expect, had monetary policy been able to set lower interest rates, output, consumption, 
382
The effect on yields is also substantial; the 5-year rate, for example, is around 1.5 percentage points lower.
383
The difference in inflation is much more modest as evidenced by the evolution of the price level. This in economic activity along with a protracted but relatively small decline in inflation following a jump in 388 financial stress. Thus, the impact of relaxing the ZLB constraint is not independent of which shocks are 389 driving fluctuations.
390
The negative federal funds rate in this counterfactual is higher than the unconditional shadow rate, 391 r u t , in Figure 5 . This is to be expected. That shadow rate is the level according to the Taylor rule, given 392 the output gap and inflation. But the output gap and inflation were determined by the rate set by the
393
Federal Reserve -i.e., the zero interest rate. In the counterfactual here, however, the negative interest 394 rate in Figure 6 is the interest rate that determines inflation and the output gap, that is, when the ZLB 395 constraint is not imposed.
396
Consistent with results of Gust et al. (Forthcoming) , we find that the zero lower bound placed a 397 significant constraint on monetary policy, exacerbated the recession and delayed the recovery.
398
14 The on-line appendix contains estimates of the output gap and structural shocks. Notably the estimated output gap closely resembles the path of hours worked.
Next, we probe deeper into the relation between the risk premium process and the expected dura-400 tion of the zero interest rate policy by considering forecasts conditional on an expected duration. For 401 illustration, we consider a forecast after 2011Q2, the quarter in which the Federal Reserve made its first 402 calendar-based announcement and the expected duration is estimated to have increased. To investigate 403 the effect of expected duration on the conditional forecasts, two very different scenarios are considered.
404
In particular, Figure 7 compares the forecasts obtained with an expected duration of 4 quarters with 405 those obtained when the expected duration is 16 quarters.
15 In each case the duration is assumed to 406 decrease in the forecast horizon by 1 quarter in every quarter until the Taylor rule takes over.
407
The forecasts are constructed using the joint posterior distribution for the whole model. work to amplify or mute the impact that a given expected duration has on the economy.
414
To see this consider how the expected duration interacts withb t in the Smets Wouters model. For 415 this purpose take the equation for consumption,
and the equation for the price of investment,
These are the two equations where the risk premium shock,b t , enters and, with the exception of the Figure 7 shows the mean of the posterior along with the 10 th to 90 th percentiles.
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